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The boEndary-layer equation of motion. a:nd the boy:qd.ary-layer energjr',
equatiqn for the ccmpregsiblp an@.steaﬁy 1aminar boyndary layer. OnptWO?
dimsnsional bodies and bodies. of. revolution are writtenwgn a.nondimensional
form to prcvid.e a clearer indication of the effectg, 01’ Mach number, Reynold.s
number, and the properties of the gas.

When the ratio of the local velocity, 'E.o the free-stream velocity and
the ratio of local temperature to the free-stream temperature at all points
on the surface of a body and at the outer edge of 1ts boundary layer do not
change with Reynolds number .and when the Mach nymber. and the physical
properties of the gas al80 do not cha.nge with Reynold_s number, the boundary-
leyer thickness at-a_ fixed-point.on a body.is. inversely . proportional to the.
square root of the Reynold.s numfber, the surface-friction coefficient at a
fixed point is inversely proportional to.the. .square root. of the Reynolds
number, the frictlon-drag coefficlent of the pert of a bod,y covered by a
leminar boundary.layer:1s lnyersely, proportional_to tl}e square root of the .
Reynolds mumber, the seperation point is ind.epend.ent .0of the Reynolds number,
and the nondimensional velocity profile is invariable at a fixed fraction
of the body length from the stagpation point. . By use of-the boundary-layer
equations, separation of the laminar boundary 1ayer is shown to occur only
vwhen the static pressure along the surface rises in the direction of flow.

CoLgnn ot
INTRODUCTION

Same useful results of the Prandtl boundary-layer;theory for the
incampressible laminar bomd.ary layer are known to be obtainable directly
from the form of the boundary-layer equations. without having to solve them
(reference 1). The boundary-layer thickness and friction drag are found to
be inversely proportional to the square root of the Reynolds number, and :
the nondimensional velocity profile at a fixed point on a body and the
geparation point are found %o, be 1ndependent of the Reynolds number. These:
theoretical results sre true when the pressure distri'bu‘bion on a body is
independent cf the Reynolds number.
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Because of the Increased significance of the laminar boundary-layer
for flows in which the effects of compressibllity and heating are important,
it seemed desirable to determine whether conclusions similar to those for
Incampressible flow can be drawn from the form of the boundary-layer egua-
tions for high-speed flows. An Iinvestligation to determine whether separation
of the boundary layer cen occur when the pressure along the surface does
not rise in the direction of the flow also seemed desirable.

Altgpugh same of the results obtained are implicit in the work of
Von KérmAn and Tsien (reference 2) and in the wark of others, it was thought
worthwhile to develop the results both for two-dimensional flow and for
axlally symmstric flow over a body of revolution, and to state them explicltly
together with the conditions for which they are valid. The results are
probably of most interest to experimentalists who require a knowledge of
boundary-layer behavior, but who have not had the opportunity to develop
these results for themselves.

SYMBOLS

u velocity inside boundary layer and parallel to surface

v velocity inside boundsry layer and perpendlcular to surface

x distance along surface

Ng distancg measured fram surface in a direction perpendicular
to surface

r radius of body of revolution

T temperature

18 coefficient of viscosity

p density

k coefficient of heat conduction

Cp gpecific heat at constant pressure

1 length of body i

U velocity at outer edge of boundary layer and parallel to
surface

U free~stream velocity
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Subscript:

o

Po zUo
Reynolds number

Ho
Uo
Mach number —
Co

veloclty of sound in free stream
static pressure

stream function for two-dimensional flow

°po“o>

k

Prandtl nvmber (
(o)

surface shearing stress

ratio of speclific heats

gas constant
camponent of body force along x-axls
camponent of body force along y-axis

stream function for flow over body of revolution

free-stream conditions

Quantities which contain a bar and which do not refer to free-stream
conditions are dimensional.

ANATYSTS

Two-Dimensional Flow

Derivation of boundary-lasyer equations.- The steady flow of a gas

over a well in a layer having a thickness which is a negligible fraction
of the radius of curvature of the wall is described herein by the Navier-
Stokes equations of motion in surface coordinates with the terms that
involve surface curvature neglected, the equation of continuity, and the
energy equatlion with ¢ constant.

P
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(1) The X component of the equation of motion is

—— On __ o = 325 o a2 - 32
pu-al_l+pva%=p?.x'§+§u-tll+§ai%+u——ll
3oz ox Sy oy ooy 3% oy

T Fogp W, T P LT AN
u ai'+ p 5 = BEy 5 + 1 > + 3 57 o% + 3 T = + 3 5%
LiEE, EE 2
395 &G 3y
(3) The equation of continuity is
3 . v
a:E+asr_—0
(4) The energy equation for <p constant is
— — - - _ A2
a‘apalf+av6pa—f-ﬁa—¥-fa—§=-§ﬁ %;H%)
2 2 2
e\ (%, & T Fr
SCRCIRIC R ER-
dk T Jk oF
==+ = =
ox ox Jy o
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(3)
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The usual assumption of the boundary-layer theory (reference 1) that the
flow takes place in a thin layer in which the velocity is almost parallel

to the wall and in which the largest vlscous terms are of the same order

of magnitude as the inertia terms is now made by the following substitutions:

- “~-
X =1x B = Hio
¥ i)sf p=pp
¥y = 175 = o
Ro
_ - 2
u = TUou P - Py =PlUp P
- Uo _ S (5)
v _-i7§ v Sp = oplp,
Ro
T =UU k = Kk,
PatU —
o . T =TT,
Ho /

When substitutions (5) are used in equation (1), one group of terms has
the factor l/RO For large Reynolds numbers this group is neglected and
equation (1) beccmes

u, W, (6)
TuETTy T T x ay<“ay>
where the body forces pFy are also neglected.

When substitutions (5% are used in equation (2) and all terms containing .
the factor l/.R0 or l o are neglected and the body forces be are

neglected, the result is.
0= o (7)
The use of substiltutions (5) in equation (3) results in

dpu . Ipv -0 (8)

3x ay

f et e e e - e em e e v ———— e e~ ot o n - e ety < e e T T v =~ s —me e =
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When equation (7) and substitutions (5) are used in equation (4) and

(r - M2 4 (7 - 1)M°
terms contalning the factors R ’ GRy? — are neglected,
(o] O ‘ RO
equation (4) beccmes
or or 2 Jp du\2 19
= — = -1 = 9
puax+pvay (7 - LMy [uax+u(ay:]+°5y 5 (9)

Equations (6), (7), (8), and (9), together with the equation of state for a
gas and relations between p, k, and T, describe the flow in the boundary
layer. Because of equation (7) the static pressure in the boundary layer is
a function only of xj therefare, Op/dx imn equations (6) and (9) can be
replaced by dp/dx.

" A nondimensional stream function V¥ i1is then introduced, where

=L ¥
p dy
(10)
v=-2
P
The equation of continuity (equation (8)) is autamatically satisfied.
Equation (6) beccmes
5_‘@_&5__3_‘*’3_(_1_3&) _c_lpJ,a_uB_(;é_ (11)
dy ox \P 95/ ox 3y \P oy dx 3y | oy \P oy

and equation (9) beccmes

3 or ¥ or 19 d d /13Nl 19 7
FE &yt Bo?a‘i”[d?(ﬁ})] *6;85<k6§> (12)

The relative density p can be replaced by a function of T, M,, 7,
and p by the followlng development. The static pressure in the boundary
layer is a function only of x; therefore, the density at a polnt in the
boundary layer depends only on the temperature at the point and on the
statlc pressure at the edge of the boundary layer. Then, from the perfect
ges law .
L2 (13)

p=
Po T
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where D 1s the static pressure at the boundary-layer edge. From the
definition

P -D = poUogp

the perfect gas law

Po = PoRTo
and the expression
cPo(7 - 1), = C.2

the following relation can be obtained:

D 2
— l +
o Mo p
Equation (13) then becomes
P=7 (14)

where

¢ =1+ Mp

Vhen equation (14) is substituted in equations (11) and (12), equation (11)
becomes

BD56D-236D-2[F@ 4 1[169 o

and equation (12) beccmes
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In equations (15) and (16) u and k are assumed to be functions only

of T and o, 1s assumed to depend only on the gas. Equations (15) and
(16) describe the behavior of the laminar boundary layer in & campressible
flow. The solution in a specific case requires the determination of ¥ (x,y)
and of T (x,y) subject to the following boundary conditions:

When y = 0O,

u=20 M

T = T(x)y=0

v=v(x)_,

> (17)

when y—> o,

U = U(x)

T = T(x)

o,

When ¢ and the boundary conditions are independent of the Reynolds number,
1t 1s seen fram equations (15) and (16) that although the Mach number and
the physical propertlies of the gas appear, the Reynolds number does not.
The conclusion, therefore, is that ¥ (x,y) eand T (x,y) are independent
of the Reynolds number but are depsndent on the physlcal properties of the
gas and on the Mach number.

Boundary-layer thickness, skin friction, separation point, and velocity
profile.- The value of y at the edge of the boundary layer 1s determined

by the requirement that % oy *U, where p (x,y) and ¥ (x,y) are inde-

&

pendent of Reynolds number. Substitutions (5) state that ¥ =< ;th /g)y .
Ro

Therefore, for a given relative pressure and temperature distribution
along the body as well as for a given Mach mumber. and gas, the boundary-
layer thickness at a fixed point on the body 1s inversely proporticnal to
the square root of the Reynolds mmber.
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The surface shearing-stress coefficlent 1s

<|—, @_2-)
S a's y=0 1 < 811)
y=0

PoUo” p U2 R/2\ 9
or with u=0 at y=.0 a.ndp:-';i
T 2
s 1 ¥
= pl — (18)
2 1/2 o
Polo R / dy

y=0

Because V (x,y), T (x,y) and ¢ (x) are independent of R,, the surface-
- .

friction coefficient at a fixed point on a body 1s inversely

2
Polo

proportional to the square root of the Reynolds number R, when the
boundary conditions (equations (17)), the Mach mumber M., and the gas are

fixed. The friction drag coefficlient of the part of a body covered by a

laminar boundary leyer also varles as 1 / \[ﬁo when the boundary conditions
(equations (17)), the Mach number M,, and the gas are fixed.

The separation point is the point at which T4 = 0; that is,

5 .
Wwhere <B__2llr> = 0. The value of x at which <ig> =0 is
J y:o - ay y=0

independent of R, when ¥ (x,y), T (x,y), and ¢ (x) are independent

of R,- The ratio -f—= X 18 also indspendent of the Reynolds number.
Therefore, the separation point on a body, when the Mach number, the gas,
and the boundary conditions (equations (17)) are fixed, is independent
of the Reynolds number.

For fixed boundary conditions (17) and for a fixed gas and a fixed
Mach number, the curve of u against y 1s independent of Reynolds number;

thus the curve of u/T against _yl_ \/Ro is invariable at a station X/1.
This criterion can be used to test whether a velocity profile is laminar.
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10
Necessity of a positive pressure gradient for separation.- The
separation point is defined as the point at which (g}_:) =0

y
and u>0 for y > O.

Consider the possibility of having <g—§> = 0 when <%§) <0
y=0 ¥y=0

Fram the equation of continuity, (equation (3)) and the eguation
of motion (equation (1)) with W=¥v =0 at y =0 1t follows that

at y=0

0. B, P EE
S § oy
Then.for<g—i-;>—0
P
YT &

Tt 1s now assumed that the -veloclty cen be expanded in & Taylor's serles.
Thus, '

Ti=<a—f-1> §+<a.£_ﬁ) L +<a-§> i—?,)+ e o
aii“—o 5. & 6535,:0 )

y=0 .
For 8_;:.) = 0
(a’ §=0
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ox

a.—
For<—p> <0 1t follows that <aig> < 0. Therefare W< O for
7=0 %750 \
emall y. This result, however, disagrees with the requirement that u >0

— : s
for y > 0. Therefore (%:) cannot be zero when <5§> < 0. Thus
7=0 §=0 -

separation cannot occur when (g—%) . < 0. If the boundary-layer assump-
y=0

tions are used then (g;—g) = %ﬁ and it follows thet separation cannot
F=0

occur when’ Q‘E < 0.

dx
: : o B ap _
Consider the possibility of having (| = =0 when = = O.

Fram the full equatlion of motion with <§-§> =0 1t follows that
y=0

3P 31 _
6;5 = 0 when %_—O=O- Thus, at y =0
§=0 =

By using the boundary-layer equation of motion (equation (6))

ap_- _/®  _(Fm) _
with d;—uy=0_<a§i=d_<'6i2>_ = 0 1t can be shown that
y=0
(2, -G @) -
-3 _ © Ot T\ -
7 7=0 % = 7 ¥=0
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Therefore, if 2 = 0 ‘end <6_1‘1> = 0, 1t follows that W= 0 for all 7 .
&= 5
=0
when it is assumed that uU can be expanded in a Taylor's Series in y. The
conclusion that @ = 0 for all ¥y, however, contradicts the requirement

_ . = d
that @ >0~ far § > 0. Therefore, <8_1_1> cannot be zero when == = O.
35/ _ dax
¥y=0

Thus, separatlon: cammet occur when g = 0.

Tt has been shown froam the cemplete equatien of motion (equation (1))

that separation cannot occur when (g—§> < 0. If the boundary-layer
¥=0

assumptions are valid, then it follows that separation camnot occur

when dp < 0. It has also been shown by using the boundary-layer equation

of motion (equation (6)) that separation cammot occur when g = 0. Therefore,

separation cam occur only when g > 0.

Axially Symmetrical Flow over & Body of Revolution

Derivation of boundary-layer equatlons.- The steady flow of a gas
over the surface of a body of revolution in a layer having a thickmess
which is a negligible fraction of the radius of curvature of the surface
in a meridian plane 1s described herein by the Naviler-Stokes equations of
motion in surface coordinates with the terms that involve surface
curvature neglected, the equation of continuity, and the energy equation

with Ep constant.

(1) The X component of the equation of mokion is
—ﬁa-;u-+_Fa_.1-l—~F -a_§+E az.&—+_a.—2-u:-Ea—faj+Ea-I:‘-aj+£—.a—2;ﬁ
P ETTSTETE T sEg M 2 T E Ty 38 &

+5-ﬁa—_ ga—§'+§-a~§ +a—i_—1§‘;_-+£a-l:lﬁ_--2-a—¥-ag

3 dx\T T oy gy 3 ax 3 ox
_2T X E T _2TF L

3Toyox oy 3roxox (19)
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(2) The ¥ component of the equation of motion is

__dF  _. O _ 3 _ 0% 1_ Pg ©TXF K mpoaom k_ 3

PU =+ PV T =pFy - =L ot~ ot T S S TS S tTH

ox 32 3 X T & Foxdy 3 352
+£—§_ Ea—f*.ia—‘j -gaj§+§§§E-gE§Eaj
3V F\FRETFdq I&oT T XOT 37 oy o
U LOowvHm 27vdrdp

b m e m - — = = ' (20)
' r

(3) The equation of conmtinuity is

é?g + OFRT =0 (21)

(4) The energy equations for constant cp 1s

— — - _ A2 o ~— _\2 N2
o i Z s B g BB _g £<a_1_1> Lo T &, MIF  (E
Pl Ty Y Ty M 5\= 737 3\  \ox
, 85)2_2_11_25_%_1@*__+£1f<_ +§aj<_:> @)ﬁf(a_ff
T T ot T xF 3:£2\& 3:2\x/\¥} 32\
x Z
_bmomor LUK LYW LI ki¥a|, T &
3FT& X 3&y 37Hy 3r&EF 3rHy 3%
= O
+akay+§(a_§a_?+a_ga_g (22)
oF OF 0X  OF JF
The usual assumptions of boundary-layer theory are now made and
expressed by equations (5). To these substitutions is added T = rry-
Use of these substitutions, the fact that g;; and g—_i: are of the order of

1/2

magnitude of unity, the assumption that I‘% << Ry’ , neglecting terms containing

’ 1 1 1
the fastor =, Oor and neglect the term pF. d
- 1/ Ry R——3-7§, glecting ) p¥y reduces
o

equation (19) to
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Su du __%p_ 9 [ ou o
puax+pva§r ax+ay<pa;> (23)
When the development used to obtaln equation (23) from equation (19) is

1 1 1
applied to equation (20) end terms containing the factor 2 -—-——3/2, or =
o R R
o

and the term pfy are neglected, the result is
0= (24)
dy

The use of substitutions (5) in equation (21) results in

orpu _ drpv _ ! (25)

x = oy

When the development used to obtain equation (23) fram eq_uation (19% is
(7 - )M,
applied to equation (22) and terms cantaining the factor —-—-R—-—-
o

(r - M2 (7 - 1)M2 1
R2 3/2 7 oR,
(o} RO

are neglected, the result 1s

5 oRol /2

2
of o _ (. 2] 9p 9 fer
pu 5 + pv 5 - (7 l)MO u = + u&) ~ k(dy) (26)

In obtaining equations (23), (24), and (26) fram equations (19), (20),
and (22) it has been assumed that all terms containing the factor 1/r are
finite. Eguations (23), (24%), (25), and (26) describe the flow in the
boundary layer. Because of equation (24), the static pressure in the boundary
layer is a function o of x; therefore Bp/ax in equations (23) and (26)
can be replaced by dp/dx

A nondimensional stream function ¥ 1s then introduced, where
1 ¥
Tp Oy
1 Y - (27)
Ve T e &
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The equation of continuity, equation (25), is autcmatically satisfied.
Equation (23) becames )

+$;§-;(k§f) (29)

The relative density p 1s now replaced by ¢/T, Just as for two-dimensional
flow. ZEquation (28) then beccmes

;aja_(ial)_.l_éifé_ _T...a.f')=iP.T_§_2m'_f_

r Oy ox \r Jy raxay(ray dx | v2 \oy ¢
+§_ u?-(i[l..a_ - (30)

R ACE

and equation (29) becomes

1 1@y _ (7 -MAITFap p|d (T

rdy ox roxdy royax @ T 3y
+ol‘og—y(k§‘;> (31)

In equations (30) and (31) p and k are assumed to be functions
only of T, o, 1s assumed to depend only on the gas, and r 1s a function

of x and y. Equations (30) and (31) describe the laminar boundary
layer on a body of revolution in a compressible flow. The solution in a
specific case requires the determination of ¥ (x,y) amd of T (x,y) subject
to the boundary conditions, equations (17)°
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When y = 0, ~

u=0

T = T(x) o

v = v(x) -0

> (1)

when y—> %

T = U(x)

T = T(x)

(W

When ¢ and the boundary condltions are independent of the Reynolds
number, 1t is seen fram equations (30) and (31) that although the Mach
number M, and the physical properties of the gas appear, the Reymolds
number does not. The conclusion, therefors, is that ¥ (x,y) and T (x,y)
are independent of the Reynolds number but dependent on the physical
properties of the gas and on the Mach number.

Boundary-layer thickness, skin friction, separation point, and
velocity profile.- The conclusions concerning the boundary-layer thickness,
skin friction, separation point, and velocity profile are the same as
those obtalned for two-dimensional motion. The conclusions are obtalined
in the same way as those far two-dimemsional motion, except that for the
body of revolution equation (18) is replaced by

i s (‘-I : (32)

DoUo2 ) ¢Rol/2 ¥ ? 7=0

Necessity of a positive pressure gradient for separation.- The

separation point is defined as the point at which (%) =0
, o
and u >0 for ¥ >O0.

— a—
Consider the possibility of having <§r‘§> = 0 when <§§ < 0.
§=0 y=0
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From the equation of continuity (equation (21)) and the equation of
' 5w = _ 10 10
motion (equation (19)) with @ =¥ =0 at y =0 and with F& &

o (1gdr o (Ligor
ai(f ai)’ and &(f asr) finite

__ D, EFT N, uJ, -
T TaTryy Ty TR
or for g—g=0
§§=ﬁa.ﬁ-1
E o

ae(3)_ <o

Pa
<5§2>"=o <0

Then, by the same reasoning as in the two-dimensional case, separation

a_

cannot occur when (_p> < 0. If the boundary-layer assumptions are
=20 .

— a5 a5
used then <%§>_ = é and separatlion cannot occur when d—J_;E(O.
=0
Ju ap
Consider the possibllity of having B—Sr-' =0 when = = o.
y=0

The develomment 18 the same as that for two-dimensional flow with the

exception that equation (23) is used instead of equation (6) and it is

agsumed that ¥ # O and that all 1ts derivatives with respect to ¥ are
= 0.

finite. The conclusion is that separation cannot occur when d—i

e e e e e ——— Y s — = —— ——— -—— - .




18 " NACA TN No. 1805

The camplete equation of motion (equation (19) thus indicates that
gseparation cannot occur when <g§> < 0. If the boundery-layer
y=0

assumptions are valid, it follows that separatlion canmnot occur when —2‘< 0.

It also follows fram the boundary-layer equation of motion (equation (23))

—

that separation cammot occur when §§_= 0. Therefore, separatlion can occur

ap
(o) when =~ > 0.
nly =

DISCUSSION

The conclusicons of the present work concerning the behavior of the
laminar boundary layer were reached by the following assumptions:

(1) The boundary-layer thickness is a negligible fraction of the
radius of curvature of the wall in the plane of the velocity.

(2) The flow in the boundary layer 1s almost parallel to the
surface.

(3) The boundary-layer thickness is a small fraction of the
distance to the stagnation point.

(4) The inertia and largest viscous forces are of equal order
© of magnituds.

(5) The body forces are negligible.
(6) The coefficlents of specific heat are constant.
(7) The coefficients p and k are functions only of T.
(8) The Prandtl mumber depends only on the gas.
(9) The perfect gas law is applicable.
(10) The Reynolds mmber is large.
For the body of revolution it is also assumed that terms which contain r
or lts derivatives are finite and that the body is not very slender. The
conclusions concerning the effects of Reynolds number contain the
additional requirements that the conditions at the surface and at the outer

edge of the boundary layer, when expressed ngndimensionally equation (17),
are independent of Reynolds number.
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The assumptlions of the boundary-layer theory may be invalid down-
gtream of the separatlian polnt and perhaps even at the separation point.
Wo evidence is available, however, to Indicate that the boundary-layer
approximations became so poor at the separation point that the conclusions
concerning the separation polnt are invalid. The region near the base of
a shock wave is another at which the boundary-layer assumptions may be
invalld, but here again a definlte statement cannot yet be made.

The concluslions concerning the effect of Reynolds number are noted to
be the seme for campressible flow as for incampressible flow. Far
campressible flows, however, the boundary conditions involve the temperature
distribution as well as the pressure dlstribution. The Mach number and
the ratlio of the specific heats appear as parameters.

CONCLUSIONS

The boundary-layer equation of motion and the boundary-layer energy
equation for the campressible and steady leminar boundary layer on two-
dimensional bodies and bodies of revolution are written in a nondimensional
form to provide a clearer indication of the effects of Mach number,
Reynolds number, and the propertles of the gas.

When the ratio of the local velocity to the free-stream velocity and
the ratio of the local temperature to the free-stream temperature at all
points on the surface of a body and at the outer edge of 1ts boundary
layer do not chenge with Reynolds nuvmber and when the Mach number and the
physical properties of the gas also do not change with Reynolds number,
then it follows that:

1. The boundary-layer thickmess at a fixed polnt on a body is
inversely proportional to the square root of the Reynolds mumber R,-

2. The surface-friction coefficient at a fixed polnt is inversely
Iroportional to the square root of the Reynolds mumber R,-.

3. The friction drag coefflcient of the part of a body covered by
a laminar boundary layer lg inversely proportional to the square root
of the Reynolds mumber R,.

4. The separation point is independent of the Reynolds number Rg.

5. The nondimensional veloclty profile is invariable when the

velocity ratio ﬁ/ﬁ (where u 1is the velocipy inside the boundary layer
and parallel to the surface and U 1s the velocity at the outer edge of

the boundary layer and parallel to the surface) is plotted against & \[R,



20 NACA TN No. 1805

’

(where § 1is tHe distence measured from the surface in a direction
perpendicular to the surface, 1 1s the length of the body, and R, 1s

the Reynolds number) at a fixed fraction of the body length from the
stagnation point. By use of the boundary-layer equations, separatlion
of the laminar boundery layer is shown to occur only when the static
mressure along the surface rises in the direction of flow.

Langley Aeronautical ILabaratory
Natlonal Advisory Cammittee for Aeronautics
Langley Air Force Base, Va., November 22, 1948
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